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SMALL TORSION GENERATING SETS FOR
HYPERELLIPTIC MAPPING CLASS GROUPS
MICHA L STUKOW
Abstract. We prove that both the hyperelliptic mapping class
group and the extended hyperelliptic mapping class group are gen-
erated by two torsion elements. We also compute the index of the
subgroup of the hyperelliptic mapping class group which is gener-
ated by involutions and we prove that the extended hyperelliptic
mapping class group is generated by three orientation reversing
involutions.
1. Introduction
Let Sg be a closed orientable surface of genus g ≥ 2. Denote by M
±
g
the extended mapping class group i.e. the group of isotopy classes of
homeomorphisms of Sg. By Mg we denote the mapping class group
i.e. the subgroup of M±g consisting of orientation preserving maps.
We will make no distinction between a map and its isotopy class, so in
particular by the order of a homeomorphism h : Sg → Sg we mean the
order of its class in M±g .
Suppose that Sg is embedded in R
3 as shown in Figure 1, in such a
way that it is invariant under reflections across xy, yz, xz planes. Let
̺ : Sg → Sg be a hyperelliptic involution, i.e. the half turn about the
y-axis.
The hyperelliptic mapping class group Mhg is defined to be the cen-
traliser of ̺ inMg. In a similar way, we define the extended hyperelliptic
mapping class group Mh±g to be the centraliser of ̺ in M
±
g . For g = 2
it is known that M2 =M
h
2 and M
±
2 =M
h±
2 .
The problem of finding certain generating sets for groups Mg and
M±g has been studied extensively – see [2, 3, 4, 5, 6, 7, 8, 10, 11] and
references there. In particular it is known that the group Mg could be
generated by 2 torsion elements [6], and by small number of involutions
[5]. The problem of finding the minimal generating set consisting of
involutions is still open.
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Figure 1. Surface Sg embedded in R
3.
Similar results hold for the extended mapping class group, namely
the groupM±g is generated by 2 elements [6], and by 3 symmetries (i.e.
orientation reversing involutions) [10]. The question if it is possible to
generate M±g by two torsion elements is open.
The purpose of this paper is to give a full answer to analogous ques-
tions in the case of the hyperelliptic mapping class group and the ex-
tended hyperelliptic mapping class group, i.e. we will show that both
groups are generated by two torsion elements and Mh±g is generated
by three symmetries. It will be also observed that the subgroup Ig of
Mhg which is generated by involutions is a proper subgroup and we will
compute the index [Mhg : Ig].
The importance of torsion elements in the group Mg (M
±
g ) follows
from the fact that any such element could be realized as an analytic
(dianalytic) automorphism of some Riemann surface. Similarly torsion
elements in Mhg (M
h±
g ) correspond to analytic (dianalytic) automor-
phisms of hyperelliptic Riemann surfaces, i.e. complex algebraic curves
with affine part defined by an equation y2 = f(x), where f is a poly-
nomial with distinct roots.
Notice that since M2 = M
h
2 and M
±
2 = M
h±
2 , our results imply
that M2 and M
±
2 are generated by two torsion elements.
2. Preliminaries
Let A1, . . . , A2g+2 be the right Dehn twists along the curves a1, . . . , a2g+2
indicated in Figure 1. Denote also B = A1A2 · · ·A2g+1 and B =
A2g+1 · · ·A2A1. It is known [1] that
̺ = BB = A1A2 · · ·A2g+1A2g+1 · · ·A2A1
and Mhg admits the presentation:
generators: A1, . . . , A2g+2, B, ̺
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defining relations:
̺ = A1A2 · · ·A2g+1A2g+1 · · ·A2A1(1)
B = A1A2 · · ·A2g+1(2)
Aj = BAiB
−1 j ≡ i+ 1 mod 2g + 2(3)
AiAj = AjAi, 2 ≤ |i− j| ≤ 2g(4)
AiAjAi = AjAiAj j ≡ i+ 1 mod 2g + 2(5)
B2g+2 = 1(6)
̺2 = 1(7)
̺Ai = Ai̺(8)
The above presentation follows from the presentation in [1] by adding
generators A2g+2, B, ̺ and some superfluous relations. The relation (3)
follows from easily verified observation that
B(ai) = aj for j ≡ i+ 1 mod 2g + 2
Combining this with relation (6) we have that B has order 2g + 2.
Observe also, that for k ∈ Z
B = BkBB−k = BkA1A2 · · ·A2g+1B
−k = A1+kA2+k · · ·A2g+1+k
where subscripts should be reduced modulo 2g + 2.
Let us also point out that the relation (3) implies that 〈B,Ai〉 =M
h
g
for every 1 ≤ i ≤ 2g + 2.
3. Minimal torsion generating sets for Mhg and M
h±
g
Theorem 1. For every g ≥ 2 the group Mhg is generated by two ele-
ments of order 2g + 2 and 4g + 2 respectively.
Proof. Let M = A2A3 · · ·A2g+1. It is well known that M has order
4g + 2 (cf. [2, 10]). Since A1 = BM
−1, we have
〈B,M〉 = 〈B,A1〉 =M
h
g

Let σ be the reflection across the yz-plane (Figure 1). Since σ(ai) =
a±1i , 1 ≤ i ≤ 2g + 2 and σ reverses orientation, we have
(9) σAiσ = A
−1
i for 1 ≤ i ≤ 2g + 2
Therefore
(10) σBσ = B
−1
= ̺B
Lemma 2. The order of the element β = σB is finite and equal to
2g + 2 for g odd and 4g + 4 for g even.
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Proof. Since β2 = σBσB = ̺B2, we have β2g+2 = ̺g+1, which com-
pletes the proof. 
Lemma 3. The order of the element N = σA−12g+1A1A2A
−1
1 BA
−1
2g+1 is
finite and equal to 2g for g odd and 4g for g even.
Proof. Using relations (3)–(10), we compute
N2 = (σA−12g+1A1A2A
−1
1 BA
−1
2g+1)(σA
−1
2g+1A1A2A
−1
1 BA
−1
2g+1)
= A2g+1A
−1
1 A
−1
2 A1̺BA1A2A
−1
1 BA
−1
2g+1
= A2g+1(A
−1
1 A
−1
2 A1)A2A3A
−1
2 B
2A−12g+1̺
= A2g+1(A2A
−1
1 A
−1
2 )A2A3A
−1
2 B
2A−12g+1̺
= A2g+1(A2A3)(A
−1
1 A
−1
2 )B
2A−12g+1̺
(11)
Similar computations show that
N2g = A2g+1(A2 · · ·A2gA2g+1)(A
−1
1 · · ·A
−1
2g−1A
−1
2g )B
2gA−12g+1̺
g
= A2g+1(A2 · · ·A2gA2g+1A2g+2)(A
−1
2g+2A
−1
1 · · ·A
−1
2g−1A
−1
2g )B
2gA−12g+1̺
g
= A2g+1B̺BB
2gA−12g+1̺
g = ̺g+1
This completes the proof. 
Let G = 〈β,N〉. We will show that G =Mh±g , but first we need the
following lemma.
Lemma 4. If g ≥ 3 then A2g+1A
−1
1 ∈ G.
Proof. Suppose first that g ≥ 4. Using (11) we have
N−2(β4N2β−4)(β−2N2β2)(β2N−2β−2)
=(A2g+1B
−2A2A1A
−1
3 A
−1
2 A
−1
2g+1)̺(A3A6A7A
−1
5 A
−1
6 B
2A−13 )̺
(A2g−1A2g+2A1A
−1
2g+1A
−1
2g+2B
2A−12g−1)̺(A1B
−2A4A3A
−1
5 A
−1
4 A
−1
1 )̺
=A2g+1A2g+2A2g+1A
−1
1 A
−1
2g+2A
−1
2g−1A1(A4A5A
−1
3 A
−1
4 A
−1
3 )
(A2g−1A2g+2A1A
−1
2g+1A
−1
2g+2A
−1
2g+1)A3A4A3A
−1
5 A
−1
4 A
−1
1
=A2g+1A2g+2A2g+1A
−1
1 A
−1
2g+2A
−1
2g−1A1(A2g−1A2g+2A1A
−1
2g+1A
−1
2g+2A
−1
2g+1)
(A4A5A
−1
3 A
−1
4 A
−1
3 )A3A4A3A
−1
5 A
−1
4 A
−1
1
=A2g+1A2g+2A2g+1A
−1
1 A
−1
2g+2(A1A2g+2A1)(A
−1
2g+1A
−1
2g+2A
−1
2g+1)A
−1
1
=A2g+1A2g+2A2g+1A
−1
1 A
−1
2g+2(A2g+2A1A2g+2)(A
−1
2g+2A
−1
2g+1A
−1
2g+2)A
−1
1
=A2g+1A
−1
1
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If g = 3 similar, but rather long computations1 show that
β−4N−2βN−2β−1N−1β2N2β−4NβN−3β4N−1β = A7A
−1
1

Theorem 5. For every g ≥ 2 the group Mh±g is generated by two
elements of finite order.
Proof. Let β and N be elements defined above. Since β satisfies the
relation
A−1j = βAiβ
−1 j ≡ i+ 1 mod 2g + 2
to prove the theorem it is enough to show that Ai ∈ G = 〈β,N〉 for
some 1 ≤ i ≤ 2g + 2.
If g ≥ 3 then from Lemma 4 and the above relation follows that
A2g+1A
−1
1 , A2gA
−1
2g+2, A2g−1A
−1
2g+1 ∈ G
Therefore
G ∋(A2g−1A
−1
2g+1)(A2g+1A
−1
1 )(A
−1
2g+2A2g)β
−1N(A2g+1A
−1
2g−1)
= A2g−1A
−1
1 A
−1
2g+2A2gB
−1A−12g+1A1A2A
−1
1 BA
−1
2g+1A2g+1A
−1
2g−1
= A2g−1A
−1
1 A
−1
2g+2A2gA
−1
2g A2g+2A1A
−1
2g+2A
−1
2g−1
= A2g−1A
−1
2g+2A
−1
2g−1 = A
−1
2g+2
If g = 2 then one could verify that
N−1βN2βNβN−1β−1N−1βN2βNβ = A−13

4. Involutions as generators for Mhg and M
h±
g
Observe that from a presentation for the group Mhg we obtain
H1(M
h
g ,Z) =
{
Z4g+2 for g even
Z8g+4 for g odd
Since neither Z4g+2 nor Z8g+4 is generated by involutions the same
conclusion holds for Mhg .
Denote by Ig ≤M
h
g the subgroup generated by involutions. Clearly
this is a normal subgroup of Mhg . Our next goal is to describe the
quotient Mhg/Ig. To achieve it we will follow similar lines to [8].
Let S be the half turn S about the z-axis (Figure 1).
1There are available at the URL:
http://www.math.univ.gda.pl/~trojkat/comgenhi.pdf
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Lemma 6. The number of conjugacy classes of involutions in Mhg is
equal to 2 for g even and 3 for g odd. These classes are represented by
̺, S and ̺, S, ̺S respectively.
Proof. Since ̺ is central, its conjugacy class consists of one element.
Therefore we could restrict ourselves to conjugacy classes of involutions
different from ̺.
Let R ∈ Mhg be an involution and H = 〈R, ̺〉. In particular H
has order 4 and contains ̺. From Theorem 4 in [9] follows that there
are exactly 2 conjugacy classes of subgroups of Mhg having these two
properties. To identify these conjugacy classes, it is enough to find two
nonconjugate examples of such subgroups. The first one is the dihedral
group 〈S, ̺〉. An example of a subgroup in the second conjugacy class
follows from easily verified fact that
(A1A
−1
2g+2B)
2g = ̺
In particular the group 〈(A1A
−1
2g+2B)
g〉 is a cyclic group of order 4
representing the second conjugacy class. Therefore H , as a dihedral
group, is conjugate to 〈S, ̺〉, hence R is conjugate to either S or ̺S.
To complete the proof it is enough to show that S and ̺S are conjugate
if and only if g is even.
First suppose that g is even. Let t be a circle fixed by S, and
θ = (Ag+2Ag+3 · · ·A2gA2g+1)
g+1
From geometric point of view, θ is a half-twist about t, i.e. it is a
half-turn of the right half of Tg, in particular θ
2 = T – twist along t.
From this geometric interpretation it is clear that
θ(Sθ−1S−1) = ̺
Hence θSθ−1 = ̺S.
On the other hand, if g is odd, then automorphisms induced by S
and ̺S on H1(Tg,Z) have different eigenvalues, so S and ̺S can not
be conjugate in Mhg . 
Lemma 7. The quotient Mhg/Ig is cyclic.
Proof. Since S(a1) = a2g+1 we have
A1A
−1
2g+1 = A1(SA
−1
1 S
−1) = (A1SA
−1
1 )S
−1 ∈ Ig
Now observe that for any 3 ≤ i ≤ 2g, we can construct an element
F ∈Mhg such that F (a1) = a1 and F (ai) = a2g+1. In fact, if we define
Fj = AjAj+1 for 3 ≤ j ≤ 2g then Fj(a1) = a1, Fj(aj) = aj+1 so we
could take F = F2gF2g−1 · · ·Fi. Hence
A1A
−1
i = F
−1(A1A
−1
2g+1)F ∈ Ig for 3 ≤ i ≤ 2g
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Finally we have
A2g+1A
−1
2 = S(A1A
−1
2g )S
−1 ∈ Ig
Therefore all twists A1, . . . , A2g+1 are equal modulo Ig. Since they
generate Mhg this implies that M
h
g/Ig is cyclic. 
Theorem 8. The index [Mhg : Ig] of the subgroup generated by involu-
tions is equal to 2g + 1 for g even and 4g + 2 for g odd.
Proof. Let π : Mhg → H1(M
h
g ,Z) be the canonical projection. By
Lemma 7, [Mhg ,M
h
g ] ≤ Ig, so
(12) [Mhg : Ig] = [H1(M
h
g ,Z) : π(Ig)]
From the presentation for Mhg , we have that for any 1 ≤ i ≤ 2g + 2
the group H1(M
h
g ,Z) is generated by π(Ai) and
H1(M
h
g ,Z) =
{
Z4g+2 for g even
Z8g+4 for g odd
Now observe that since B has order 2g+2, Bg+1 is an involution. It is
not central in Mhg , so it is conjugate to S or to ̺S. Therefore, using
relations (1),(2) and Lemma 6 we obtain
π(Ig) = 〈π(̺), π(S), π(̺S)〉 = 〈π(̺), π(B
g+1)〉 = 〈2(2g+1), (g+1)(2g+1)〉
Together with (12) this gives us desired result. 
Theorem 9. The group Mh±g is generated by three symmetries.
Proof. Let τ be the reflection across the xz-plane (Figure 1) and ε1 =
τB, ε2 = τAg+1. Since τBτ = B
−1 and τAg+1τ = A
−1
g+1, both ε1
and ε2 are symmetries. Moreover Ag+1, B ∈ 〈τ, ε1, ε2〉, so 〈τ, ε1, ε2〉 =
Mh±g . 
References
[1] J. Birman, H. Hilden, On mapping class groups of closed surfaces as covering
spaces, In Advances in the theory of Riemann surfaces, Ann. of Math. Studies
66 (1971), 81–115.
[2] T. Brendle, B. Farb, Every mapping class group is generated by 3 torsion
elements and by 7 involutions, preprint 2003.
[3] G. Gromadzki, M. Stukow, Involving symmetries of Riemann surfaces to a
study of the mapping class group, Publ. Mat. 48 (2004), 103–106.
[4] S. Humphries, Generators for the mapping class group, In Topology of low-
dimensional manifolds, Lecture Notes in Math. 722 (1979), 44–47.
[5] M. Kassabov, Generating mapping class groups by involutions, preprint 2003.
[6] M. Korkmaz, Generating the surface mapping class group by two elements,
preprint 2003.
8 MICHA L STUKOW
[7] C. Maclachlan, Modulus space is simply-connected, Proc. AMS (1) 29 (1971),
85–86.
[8] J. McCarthy, A. Papadopoulos, Involutions in surface mapping class groups,
Enseign. Math. 33 (1987), 275–290.
[9] M. Stukow, Conjugacy classes of finite subgroups of certain mapping class
groups, Turk. J. Math. 28 (2004), 101–110.
[10] M. Stukow, The extended mapping class group is generated by 3 symmetries,
C. R. Acad. Sci. Paris, Ser I. (5) 338 (2004), 403–406.
[11] B. Wajnryb, Mapping class group of a surface is generated by two elements,
Topology (2) 35 (1996), 377–383.
E-mail address : trojkat@math.univ.gda.pl
Institute of Mathematics, University of Gdan´sk, Wita Stwosza 57,
80-952 Gdan´sk, Poland
